In this paper. we will obtain a trace inequality for positive operators in Hilbert spaces, starting from a refinement of the classical Kittaneh-Manasrah inequality. Then two consequences as applications will be presented and an inequality for arithmetic and geometric mean is given as a Young-type inequality.
Introduction
The classical inequality of Young is
where a and b are distinct positive real numbers and 0 < ν < 1, see [21] .
We shall consider the following inequality, given in [19] , which represents an improvement of Young's inequality: The following two results are given in [1] and will be useful in section 3. 
In each inequality, the factor
is the best possible.
Often appear the weighted arithmetic mean, geometric mean and harmonic mean defined by
. We shall consider that A and B are positive operators on a complex Hilbert space H. Then A∇ ν B = (1 − ν)A + νB, ν ∈ [0, 1] is the weighted operator arithmetic mean, and
is the weighted operator geometric mean. The relative operator entropy S(A/B) was defined in [13] , [14] for positive invertible operators A and B, by S(A/B) = A ⊂ J then, in [12] , the noncommutative perspective operator is defined by
As in [9] , let H be a Hilbert space and B 1 (H) the trace class operators in B(H). We define the trace of a trace class operator A ∈ B 1 (H) to be tr(A) = i∈I < Ae i , e i >, where {e i } i∈I is an orthonormal basis of H. The main properties of the trace can be fuond in [9] and the references therein.
If H is finite-dimensional then we can see that this coincides with the usual definition of the trace. It is known, see [9] and references therein, that previous series converges absolutely and it is independent of the choice of {e i } i∈I .
We establish in this paper in Theorem 1, section 2, a new trace inequality via a scalar Young type inequality presented in [19] , using the methods given in [9] . Then will be given two consequences below. In section 3, a variant of Lemma 2.2 is given in Theorem 2 and then an application of this result, an inequality for arithmetic and geometric mean, is obtained in Theorem 3.
Some trace analogue inequalities for a refinement of
Young's inequality
In this section, is proven a new trace inequality, starting from a result given in [19] , Lema 1, using the method given in [9] . 
where r = min{λ, 1 − λ}, A 1 (λ) =
and B 1 (λ) =
as in Lemma 1.
Proof. We use the same method as in [9] .
By hypothesis we find that A log A, B log B, A log 2 A, B log 2 B ∈ B(H) and because P, Q ∈ B 1 (H) with P, Q > 0. we obtain by some properties of the trace, see [9] , that P A log A, QB log B, P A log 2 A, QB log 2 B ∈ B 1 (H) and
2 ) = tr(QB log 2 B). We fix M > b > m > 0 and then using the functional calculus for the operator A we get from inequality of Lemma 1 that:
for any x ∈ H, if we denote there A(λ) by A ! (λ) and B(λ) by B ! (λ). Now, we fix x ∈ H−{0} and then use the functional calculus for the operator B for previous inequality. We have,
2 y, y > + < By, y > ||x|| 2 + +B 1 (λ)(< By, y >< A log 2 Ax, x > −2 < B log By, y >< A log Ax, x > + + < B log 2 By, y >< Ax, x >),
for any x, y ∈ H. We consider now,
f where e, f ∈ H. By the above inequality we have,
e, e >≤ ≤ (1 − r)(< P for any e, f ∈ H. Now, let {e i } i∈I and {f j } j∈J be two orthonormal bases of H. We take in previous inequality e = e i , i ∈ I and f = f j , j ∈ J and then summing over i ∈ Iand j ∈ J, we obtain the following inequality:
By the properties of the trace we find the that r[tr(P A)tr(Q)−2tr(P A If we take instead of B, A and instead of Q, P then with the same conditions as in Theorem 1, we have the following result: Corollary 1. Let m, M be two real munbers with 0 < m < M ≤ 1 and A be a positive operator in B(H) with Sp(A) ⊂ [m, M ] and P ∈ B 1 (H) with P > 0. Then for any λ ∈ [0, 1] we obtain: 
Proof. We take in Corollary 1, A = P y) increasing in the second variable, f x (x, y) decreasing in the first variable and f concave in the second variable.
Then the following inequality takes place: Proof. The method used here, in this proof, will be as in the proof of Lemma 2.2 from [1] . We define for (
Then, by partial differentiation we obtain respectively,
and
where u = λs + (1 − λ)b, and v = µt + (1 − µ)d. Thus we have 1 λµ
and now we set F * (s, t, λ, µ) the expression of the right-hand side of previous equality.
But from ∂F * (s, t, λ, µ) ∂λ
is increasing as a function of variable µ. We will obtain,
By hypothesis, we find that F * (s, t, λ, µ) is decreasing as function of λ and from λ < 1 we obtain,
Using that the function g(x, y) = f yx (x, y) is increasing in y and t < v, we see that F * (s, t, λ, µ) > 0. Thus
∂F ∂s
is increasing as function of t and from c < t < d we have
(f x being decreasing in x.) From here, we have, ∂F ∂s (s, t, λ, µ) < 0, so the function F (s, t, λ, µ) is decreasing as function of s, s ∈ [a, b] and therefore,
taking into account by hypothesis that f is a concave function as a function of y.
Thus we have, F (s, t, λ, µ) > 0 and F (a, t, λ, µ) > 0, for all t ∈ [c, d] and in this way we obtain the desired inequality. Consequence 1. If in previous theorem we do not take into account the condition that f to be a concave function in the second variable, then we find out that F (s, t, λ, µ) is decreasing as function of variable s. Proof. For the proof of this inequalities we will use the same reason as in the proof of Theorem 2.3 from [1] .
We take into account the function f (x, y) = log(x + y) iand we use Theorem 1, obtaining:
This time we use Theorem 1 for the function f (x, y) = log(x + y), and we have: We take into account that the arithmetic mean iis defined by A ν (a, b) = νa + (1 − ν)b and the geometric mean is G ν (a, b) = a ν b 1−ν , where a, b > 0 and ν ∈ (0, 1) and we get the desired inequality.
